We survey recent results regarding genericity and porosity in fixed point theory. These results concern, inter alia, infinite products, nonexpansive mappings, approximate fixed points, contractive mappings, bounded linear regularity, set-valued mappings, holomorphic mappings and weak ergodic theorems. We consider both normed linear spaces and hyperbolic metric spaces.
Genericity, porosity and hyperbolic spaces
A property of elements of a complete metric space Z is said to be generic (typical) in Z if the set of all elements of Z which possess this property contains an everywhere dense and G δ subset of Z. In this case we also say that the property holds for a generic (typical) element of Z or that a generic (typical) element of Z has this property.
In this paper we use the concept of porosity which will enable us to obtain more refined results.
To recall this concept of porosity, let Z be a complete metric space. We denote by B Z (y, r) the closed ball of center y ∈ Z and radius r > . A subset E ⊂ Z is called porous in Z if there exist numbers α ∈ (, ) and r  >  such that for each number r ∈ (, r  ] and each point y ∈ Z, there exists a point z ∈ Z for which B Z (z, αr) ⊂ B Z (y, r) \ E.
A subset of the metric space Z is called σ -porous in Z if it is a countable union of porous subsets in Z.
Other notions of porosity can be found in the literature. We use the rather strong concept of porosity which has already found application in, for example, approximation theory, the calculus of variations and nonlinear analysis [-] .
Since porous sets are nowhere dense, all σ -porous sets are of the first Baire category. If Z is a finite-dimensional Euclidean space, then σ -porous sets are also of Lebesgue measure zero. In fact, the class of σ -porous sets in such a space is much smaller than the class of sets which have measure zero and are of the first Baire category.
Some of our results concern nonlinear mappings acting on closed and convex sets in complete hyperbolic spaces, a class of metric spaces, the definition of which we now recall.
Let (X, ρ) be a metric space and let R denote the real line. We say that a mapping c : R → X is a metric embedding of R into X if ρ(c(s), c(t)) = |s -t| for all real s and t. The image of R under a metric embedding is called a metric line. The image of a real interval [a, b] = {t ∈ R : a ≤ t ≤ b} under such a mapping is called a metric segment.
Assume that the metric space (X, ρ) contains a family L of metric lines such that for each pair of distinct points x and y in X, there is a unique metric line in L which passes through x and y. This metric line determines a unique metric segment joining x and y. We denote this metric segment by [x, y] . For each  ≤ t ≤ , there is a unique point z in [x, y] such that
ρ(x, z) = tρ(x, y) and ρ(z, y) = ( -t)ρ(x, y).
This point will be denoted by ( -t)x ⊕ ty. We say that X, or more precisely (X, ρ, L), is a hyperbolic space if
for all x, y and z in X. An equivalent requirement is that
for all x, y, z and w in X. This inequality, in its turn, implies that
ρ ( -t)x ⊕ ty, ( -t)w ⊕ tz ≤ ( -t)ρ(x, w) + tρ(y, z)
for all x, y, z and w in X, and all  ≤ t ≤ . A set K ⊂ X is said to be ρ-convex if [x, y] ⊂ K for all x and y in K .
It is clear that all normed linear spaces are hyperbolic in this sense. A discussion of more examples of hyperbolic spaces and, in particular, of the Hilbert ball, as well as applications to holomorphic fixed point theory, can be found, for instance, in [-].
Our purpose in this paper is to survey recent results regarding genericity and porosity in fixed point theory. These results concern, inter alia, infinite products, nonexpansive mappings, approximate fixed points, contractive mappings, bounded linear regularity, set-valued mappings, holomorphic mappings and weak ergodic theorems. We consider both normed linear spaces and hyperbolic metric spaces and concentrate on those results which have been obtained since the publication of [] . We hope our survey leads to further progress in this exciting area of current research interest.
Stable convergence of infinite products
The convergence of infinite products of nonexpansive mappings is of major importance in nonlinear functional analysis in general and in fixed point theory in particular. Such products find many and diverse applications in the study of feasibility and optimization problems. In this section the concept of porosity is used in order to study generic stable convergence for infinite products of nonexpansive mappings in Banach spaces. The results of this section were established in [] , where several pertinent references can also be found.
Let (X, · ) be a Banach space and let K ⊂ X be a nonempty, bounded, closed and convex subset of X. In this section (and in the next one) we denote by M the set of all sequences {A t } ∞ t= of mappings A t : K → X, t = , , . . . , which satisfy the following two conditions:
A t x -A t y ≤ x -y for all x, y ∈ K and t = , , . . . ;
for each > , there exists a point x ∈ K such that
We first note the following simple fact.
Then, for all x ∈ K and t = , , . . . ,
As a matter of fact, it is not difficult to see that d is a metric on M and that the metric space (M, d) is complete.
We are now ready to state the main result of this section.
Theorem . There exists a set
∈ F has the following properties: () there is a unique pointx ∈ K such that B tx =x for t = , , . . . ; () for each > , there exist a number δ > , a natural number q and a neighborhood U of
.}, and if the elements of {x
This theorem immediately yields the following corollary regarding the convergence of infinite products. 
Contractivity, porosity and infinite products
In this short section we continue to study infinite products of operators and the complete metric space (M, d), which was introduced in the previous section. We first use the notion of porosity to show that most elements in this space of sequences of nonexpansive mappings are, in fact, contractive (see the definition below). We then present a convergence theorem for infinite products governed by such elements, where we also allow for computational errors. The results of this section were obtained in [] .
A sequence
and such that for each x, y ∈ K and each integer t ≥ ,
) and such that each sequence {A t } ∞ t= ∈ F is contractive and possesses a unique common fixed pointx ∈ K , that is, a pointx ∈ K such that A tx =x for all t = , , . . . . Now we state a convergence theorem for (random) infinite products governed by contractive sequences. We also allow for computational errors. 
the following inequality holds for all t = n  , . . . , T:
Approximate fixed points of nonexpansive mappings in unbounded sets
In this section we turn our attention to the study of approximate fixed points (see the definition below). It follows from Banach's fixed point theorem that every nonexpansive self-mapping of a bounded, closed and convex set in a Banach space has approximate fixed points. See, for example, [], Proposition ., p.. This is no longer true, in general, if the set is unbounded. Nevertheless, as we will see in this section, there exists an open and everywhere dense set in the space of all nonexpansive self-mappings of any closed and convex (not necessarily bounded) set in a Banach space (endowed with the natural metric of uniform convergence on bounded subsets) such that all its elements have approximate fixed points. As a matter of fact, it turns out that our results hold in all complete hyperbolic spaces; see [] , where several relevant references are also mentioned.
Let (X, ρ, L) be a complete hyperbolic space and let K be a nonempty, closed and ρ-convex subset of X.
For each point x ∈ K and each number r > , set
Denote by A the set of all nonexpansive self-mappings of K , that is, all mappings A : K → K which satisfy
Fix some point θ ∈ K . We equip the set A with the uniformity determined by the base
where n is a natural number. It is not difficult to see that the uniform space A is metrizable and complete. Let A ∈ A and ≥  be given.
We say that a mapping A has the bounded approximate fixed point property (or the BAFP property, for short) if there is a nonempty and bounded set K  ⊂ K such that for each > , A has an -approximate fixed point in K  , that is, a point x ∈ K  which satisfies ρ(x , Ax ) ≤ .
Proposition . Assume that A ∈ A and K  ⊂ K is a nonempty, closed, ρ-convex and bounded subset of K such that
A(K  ) ⊂ K  .
Then A has the BAFP property.
This proposition immediately implies the following result.
Corollary . Assume that the set K is bounded. Then any mapping A ∈ A has the BAFP property.
Corollary . does not, of course, hold if the set K is unbounded. For example, if K is a Banach space and A is a translation mapping, then A does not possess the BAFP property.
Theorem . There exists an open and everywhere dense set F ⊂ A such that each A ∈ F
has the BAFP property.
Generic contractivity for a class of nonlinear mappings
We now continue to study generic contractivity. In our previous work [], Section ., pp.-, we studied a certain class of nonlinear self-mappings of a complete metric space endowed with a natural metric. Using the notion of porosity, we showed there that most elements of this class possess a unique fixed point which attracts all iterates uniformly. In this section we present a variant of this result (proved in []), which shows that most mappings in this class are quasi-contractive. Let K be a nonempty, bounded, closed and convex subset of a Banach space (X, · ). We consider the topological space K ⊂ X with the relative topology induced by the norm · . Set
Denote by A the set of all continuous mappings A : K → K which have the following property:
It is clear that the metric space (A, d) is complete. Now consider an arbitrary complete metric space (Y , d). We denote by B(y, r) the closed ball of center y ∈ Y and radius r > . Fix a real number q ≥ .
We say that a subset E ⊂ Y is (q)-porous (with respect to the metric d) if there exist numbers α ∈ (, ) and r  >  such that for each number r ∈ (, r  ] and each point y ∈ Y , there exists a point z ∈ Y for which
We say that a subset of the space Y is (σ , q)-porous (with respect to the metric d) if it is a countable union of (q)-porous subsets of Y . Since (q)-porous sets are nowhere dense, all (σ , q)-porous sets are of the first Baire category. To point out the difference between (q)-porous and nowhere dense sets, note that if E ⊂ Y is nowhere dense, y ∈ Y and r > , then there are a point z ∈ Y and a number s >  such that B(z, s) ⊂ B(y, r) \ E. If, however, E is also (q)-porous, then for small enough r we can choose s = αr q , where α ∈ (, ) is a constant which only depends on E. 
Theorem . There exists a set F ⊂ A such that its complement A\F is a (σ , )-porous
6 Porosity and the bounded linear regularity property Bauschke and Borwein [] showed that in the space of all tuples of bounded, closed and convex subsets of a Hilbert space with a nonempty intersection, a typical tuple has the bounded linear regularity property (see the definition below). This property is important because it leads to the convergence of infinite products of the corresponding nearest point projections to a point in the intersection. This section is devoted to the results which were established in [] . They show that the subset of all tuples which possess the bounded linear regularity property has a porous complement. Moreover, this result is obtained in all normed spaces and for tuples of closed and convex sets which are not necessarily bounded. Let (X, · ) be a normed linear space. For each point x ∈ X, each number r >  and each nonempty set A ⊂ X, we set
Let n be a natural number and let C i , i = , . . . , n, be nonempty, closed and convex subsets of X. Set
We say that the tuple (C  , . . . , C n ) is boundedly linearly regular [] if the set C is nonempty, and for each nonempty and bounded set S ⊂ X, there is a number κ S >  such that for each point x ∈ S,
By Int(A) we denote the interior of a set A ⊂ X with respect to the norm topology. Bounded linear regularity is important because it leads to strong convergence theorems (with convergence rates) for infinite products of projections [] .
Next we present a sufficient condition for bounded linear regularity.
Theorem . Let C  , . . . , C n be n closed and convex subsets of X such that
Then the tuple (C  , . . . , C n ) is boundedly linearly regular.
In [] we improved Theorem . in several directions. Our results are established in any normed space and the sets C  , . . . , C n are not necessarily bounded. Moreover, we show that the set of all boundedly linearly regular tuples is not only residual, but has, in fact, a porous complement.
Denote by S(X) the collection of all nonempty and closed subsets of X.
(Here we use the convention that ∞/∞ = .) It is not difficult to see that the space (S(X),H) is a metric space. For each natural number n and each A, B ∈ S(X), we set
Once again, it is not difficult to see that h is a metric on S(X). Clearly,
H(A, B) ≥ h(A, B) for all A, B ∈ S(X).
Denote by S co (X) the set of all convex sets A ∈ S(X). It is clear that the set S co (X) is closed in (S(X),H) and in (S(X), h). In the sequel we use the metric spaces (S co (X),H) and (S co (X), h).
Let n be a natural number and consider the product space (S co (X)) n which consists of all tuples (C  , . . . , C n ) ∈ (S co (X)) n . We equip the set (S co (X)) n with the pair of metricsH (n) and
, where for all
Clearly, both ((S co (X)) n ,H (n) ) and ((S co (X)) n , h (n) ) are metric spaces.
Let S b,co (X) stand for the set of all bounded sets C ∈ S co (X). It is clear that the product space (S b,co (X)) n is a closed subset of ((S co (X)) n ,H (n) ).
In this section we denote by M the set of all tuples (C  , . . . , C n ) ∈ (S co (X)) n which have the following property:
It is natural to say that a point x ∈ X satisfying the above inequality is an ( )-approximate solution of the feasibility problem which corresponds to the tuple (C  , . . . , C n ). In other words, the set M is the set of all tuples (C  , . . . , C n ) ∈ (S co (X)) n such that the corresponding feasibility problem possesses an ( )-approximate solution for any positive number . Usually, the feasibility problems studied in the literature have exact solutions.
Here we prefer to consider a more general case because of the following observation: if a sequence of tuples, for which the feasibility problem has an exact solution, converges in the space (S co (X)) n , then it is only guaranteed that the limit tuple belongs to M.
It is not difficult to see that M is a closed subset of ((S co (X)) n ,H (n) ). Indeed, assume that a tuple (C  , . . . , C n ) belongs to the closure of M and is a positive number. Choose a tuple (C  , . . . ,C n ) ∈ M such that
and let x  ∈ X be an ( /)-approximate solution of the feasibility problem corresponding to the tuple (C  , . . . ,C n ). Then it is easy to see that x  is an ( )-approximate solution of the feasibility problem corresponding to the tuple (C  , . . . , C n ). Define
We are now ready to state the two main results of this section.
Theorem . The set F is an everywhere dense subset of M with the topology induced by the metricH (n) and an open subset of M with the topology induced by the metric h (n) .
Combining Theorems . and ., respectively, with Theorem ., we conclude that any tuple (C  , . . . , C n ) ∈ F is boundedly linearly regular.
Theorem . shows that the set of all boundedly linearly regular tuples has a porous complement with respect to the metricH (n) , while according to Theorem ., this set contains an everywhere dense (with respect to the metricH (n) ) and open (with respect to the metric h (n) ) set.
Generic contractivity of nonexpansive mappings with unbounded domains
Given a nonempty, bounded, closed and convex subset K of a Banach space, we studied in [], Section ., pp.-, the class of nonexpansive self-mappings of K endowed with a natural metric. Using the Baire category approach and the notion of porosity, we showed that most elements of this class are contractive. In this section we present a variant of this result for unbounded sets which was established in [] . Namely, we show that most nonexpansive mappings are contractive on all bounded subsets. Let (X, ρ, L) be a complete hyperbolic space and let K be a nonempty, closed and ρ-convex subset of X.
In this section we denote by A the set of all mappings A : K → K which satisfy
where n is a natural number. Clearly, the uniform space A is metrizable and complete. According to Rakotch's theorem [], every contractive mapping has a unique fixed point.
As we have already mentioned, in our previous work we studied the space A in the case where the set K is bounded. Using the Baire category approach and the notion of porosity, we showed that most elements of the space A are contractive. If, however, the set K is unbounded, it is known [] that our results no longer hold. Nevertheless, in this section we present a variant of our results for unbounded sets which shows that most mappings in this class are contractive on all bounded subsets. 
Theorem . There exists a set F * ⊂ A which is a countable intersection of open and everywhere dense sets in

Approximate fixed points of nonexpansive set-valued mappings in unbounded sets
In this section we are concerned with nonexpansive set-valued mappings. In our previous work [], certain set-valued dynamical systems induced by such mappings have been investigated and some new iterative methods for approximating the corresponding fixed points have been obtained. Here we present the more recent results of [] . Let (X, ρ, L) be a complete hyperbolic space and let K be a nonempty, closed and ρ-convex subset of X.
For each point x ∈ K and each number r > , we set, once again,
For each point x ∈ X and each nonempty set D ⊂ X, we set
In this section we denote by S(K) the family of all nonempty, closed and bounded subsets of K .
For each C, D ∈ S(K), set
H(C, D) := max sup ρ(x, D) : x ∈ C , sup ρ(x, C) : x ∈ D .
The space (S(K), H) is a metric space and its metric H is called the Hausdorff metric. It is known that the metric space (S(K), H) is complete. We also denote by M the set of all mappings A : K → S(K) which satisfy H A(x), A(y) ≤ ρ(x, y) for all x, y ∈ K.
Fixing again a point θ ∈ K , we equip the set M with the uniformity determined by the following base:
where n is a natural number. It is clear that the uniform space M is metrizable and complete.
Let A ∈ M and ≥  be given. A point x ∈ K is called an -approximate fixed point of
We say that the mapping A has the bounded approximate fixed point property (or the BAFP property, for short) if there is a nonempty and bounded set K  ⊂ K such that for each > , the mapping A has an -approximate fixed point in K  , that is, a point x ∈ K  which satisfies ρ(x , A(x )) ≤ .
For each D ⊂ X, we denote by cl(D) the closure of D.
For each nonempty set D ⊂ X and each mapping A ∈ M, set
Theorem . Assume that A ∈ M and that K  ⊂ K is a nonempty, closed, ρ-convex and bounded subset of K such that
Thus every mapping satisfying the assumptions of Theorem . has the BAFP property.
Theorem . There exists an open and everywhere dense set F ⊂ M such that each A ∈ F has the BAFP property.
This theorem follows from Theorem . when it is combined with the following result.
Theorem . There exists an open and everywhere dense set F ⊂ M such that for each mapping A ∈ F , there exists a nonempty, closed, ρ-convex and bounded set K A ⊂ K such that
A(K A ) ⊂ K A .
Contractivity and genericity results for a class of nonlinear mappings
In this section we present certain contractivity and genericity results regarding a class of generalized nonexpansive self-mappings of a bounded, closed and convex subset of a Banach space. These results were obtained in [] . They show that in the sense of Baire category, most mappings in this class are contractive and that every contractive mapping has a unique fixed point which uniformly attracts all the iterates of the mapping. Let (X, · ) be a Banach space and let K be a bounded, closed and convex subset of X. Let f : X → [, ∞) be a continuous function such that f () = , the set f (K -K) is bounded, and the following three properties hold:
(P) the function (x, y) → f (x -y), x, y ∈ K , is uniformly continuous on K × K .
In this section we denote by A the set of all continuous mappings
and for each mapping A : K → K , let A  denote the identity operator.
It is clear that (A, d) is a complete metric space. This class of mappings was introduced in []
, where the authors studied the existence of fixed points of these mappings by using the Baire category approach. They established the following result.
Theorem . There exists a set F which is a countable intersection of open and everywhere dense subsets of A such that:
() Each mapping C ∈ F has a unique fixed point x C ∈ K , that is, a unique point satisfying Cx C = x C . () For each mapping C ∈ F and each > , there exist a neighborhood U of C in A and a natural number n such that for each mapping B ∈ U and each integer n ≥ n ,
Note that the classical result of De Blasi and Myjak [] is a particular case of our result where f = · . As a matter of fact, the mappings studied here can be considered generalized nonexpansive mappings with respect to f . Such an approach, where in some problems of functional analysis the norm is replaced by a general function, was used in [] in the study of generalized best approximation problems, which we now recall.
Given a closed subset S of a Banach space X and a point x ∈ X, we considered in [], Chapter , the minimization problem
This problem was studied by many mathematicians mostly in the case where f (x) = x . In this special case it is well known that if S is convex and X is reflexive, then problem (P) always has at least one solution. This solution is unique when X is strictly convex. In [] we established the generic solvability and well-posedness of problem (P) for a general function f . Now set
In the case where f (x) = x , our definition coincides with the classical definition of a contractive mapping used in the literature [] . In this case it is known that a contractive mapping has a unique fixed point which attracts uniformly all the iterates of the mapping. In [] we extended this result to the general case. We also showed there that a generic (typical) mapping belonging to the space A is (f )-contractive.
More precisely, in [] we established the following results. for all i ∈ {, . . . , n -}, the following inequality holds:
Theorem . Let a mapping
x i -x ≤ , i = n  , . . . , n.
Corollary . Let a mapping A ∈ A be (f )-contractive and assume thatx ∈ K satisfies
Ax =x. 
Generic results in holomorphic fixed point theory
In this section we begin our discussion of holomorphic fixed point theory. First we recall the three generic theorems which were established in [] . These results show that most of the bounded holomorphic self-mappings of a star-shaped domain in a complex Banach space map it strictly inside itself (see the definition below). According to the EarleHamilton fixed point theorem [] , each such mapping has a unique fixed point. Let (X, · ) be a normed linear space over the complex field C. For each point x ∈ X and each number r > , set
Let be a domain in X (that is, a nonempty, open and connected subset of X). Suppose that for some point x * ∈ and some number r * > , we have B(x * , r * ) ⊂ , and that the following assumption holds:
for each point x ∈ B(x * , r * ), each number t ∈ [, ] and each point y ∈ , tx + ( -t)y ∈ .
In other words, is a star-shaped (in a certain strong sense) set. In this section we denote by M the set of all holomorphic mappings f : → for which
It is clear that (M, ρ M ) is a metric space. Denote by F the set of all f ∈ M for which there is a number r f >  such that
We say that those mappings which satisfy the above relation map the domain strictly inside itself. This concept is of interest in view of the Earle-Hamilton fixed point theorem [] . 
Put
Theorem . immediately yields the third and last result of this section.
Theorem . Assume that is bounded. Then M \ F is porous in (M, ρ).
Sequences of holomorphic mappings
In this section we define and study a certain metric space the elements of which are sequences of holomorphic mappings. This metric space was introduced in [] . We keep the notations, definitions and assumptions of the previous section.
Denote by M the set of all sequences of holomorphic mappings f i : → , i = , , . . . , such that 
Put
It is clear that Theorem . immediately implies the following result.
Theorem . Assume that is bounded. Then
M \ G is a porous set in (M, ρ M ).
The Kobayashi metric
In this section we assume that X is a complex Banach space and that is a bounded domain in X. Let k denote the Kobayashi metric on [] . Set
denote by ∂ the boundary of and for all x ∈ X, put
The following two results are known (cf.
[]). The second one is the above-mentioned Earle-Hamilton fixed point theorem.
Theorem . For all x, y ∈ ,
for all x, y ∈ and f has a unique fixed point.
A weak ergodic theorem
In this section we present a weak ergodic theorem for infinite products of holomorphic mappings [] . Here we use the notion of weak ergodicity in the sense of population biology (see, for example, [], p., and the references therein). Another result in this direction is [], Theorem ., p..
We keep the notations, definitions and assumptions used in the two previous sections. In particular, is a bounded domain in the complex Banach space X and the set G is the one defined in Section .
Theorem . Let {f
and M >  such that the following properties hold:
(ii) for each {g i } ∞ i= ∈ U , each x, y ∈ , each integer n ≥  and each mapping r : {, , . . .} → {, , . . .}, we have
(iv) for each > , there exists a natural number n such that for each {g i } ∞ i= ∈ U , each x, y ∈ , each integer n ≥ n and each mapping r : {, , . . .} → {, , . . .},
Infinite products of nonexpansive mappings with unbounded domains
In this section we return to the study of infinite products of nonexpansive mappings. More precisely, we study here the generic convergence of infinite products of nonexpansive mappings with unbounded domains in hyperbolic spaces [] .
Let (X, ρ, L) be a complete hyperbolic space, and let K ⊂ X be a nonempty, closed and ρ-convex subset of (X, ρ). For each C : K → K , we set C  (x) := x for all x ∈ K . In this section we denote by M the set of all sequences {A t } ∞ t= of mappings A t : K → K , t = , , . . . , such that for all integers t ≥ ,
For each x ∈ X and each r > , set
We equip the set M with the uniformity which has the base
It is not difficult to see that the uniform space M is metrizable (by a metric d) and complete.
Denote by M * the set of all {A t } ∞ t= ∈ M for which there exists a pointx ∈ K satisfying A t (x) =x for all integers t ≥ .
Denote byM * the closure of the set M * in the uniform space M. We consider the topological subspaceM * ⊂ M equipped with the relative topology and the metric d.
In [] we studied the asymptotic behavior of (unrestricted) infinite products of generic sequences of mappings belonging to the spaceM * and obtained convergence to a unique common fixed point. More precisely, we established there the following result. 
Porosity theorems for nonexpansive mappings in hyperbolic spaces
In this section we continue to study nonexpansive mappings with unbounded domains and the issue of contractivity.
Let (X, ρ, L) be a complete hyperbolic space, and let K be a nonempty, closed and ρ-convex subset of X. Fix a point θ ∈ K .
As in Section , in this section we denote by A the set of all mappings A : K → K for which 
